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Abstract- In this paper, we deliberate a new term symmetric trapezoidal fuzzy random variable with mean p and standard
deviation ¢ respectively and that we discuss about the membership functions of arithmetic operations between two symmetric
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1. INTRODUCTION

The fuzzy set was introduced independently by Zadeh [8]
in the year 1965, he provided a sound theoretical setting
for the notion of fuzzy sets, as a class of objects with a
continuum of grades of membership function. The
membership function is one of the most useful tool for
expressing the fuzziness. Also, depending the nature or
shape of membership function of a fuzzy number can
classified in different ways, such as triangular fuzzy
number, trapezoidal fuzzy number etc.

The concept of fuzzy random variable, that extends the
classical definition of random variable, was introduced by
Feron [1] and developed by some authors like
Kwakernaak [2, 3], Puri and Ralescu [4, 5] among others.
In this paper, we follow kwakernaak fuzzy random
variable because the expected value and variance are
fuzzy. Rajan. D and Senthil murugan. C [6] derived the
concept triangular fuzzy random variable from the normal
distribution and proved some stochastic comparison such
as likelihood, hazard and stochastic orders.

In this manner, we derive the trapezoidal fuzzy random
variable from the normal distribution, so that it satisfies
all characteristics and properties of normal distribution as
well as the triangular fuzzy random variable. We
obviously well known that the trapezoidal fuzzy random
variable curve is obtained from the symmetric triangular
fuzzy random variable curve, when a=0.5 :g.

The structure of the new trapezoidal fuzzy random
variable is symmetric about its mean p. For that reason the
new trapezoidal fuzzy random variable is now called
symmetric trapezoidal fuzzy random variable and it is
denoted by X ~ STPFRV (y, o)

In this paper, we discuss about symmetric trapezoidal
fuzzy random variable and its coordinate points
(L—o0, u— g, s g, pw+o)are obtained  from its

parameters mean p, standard deviation o respectively.
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Figure 1. The symmetric trapezoidal fuzzy random
variable

In our approach, we can find the finite sub - support for

any o - cut value under the same membership function and
two symmetric trapezoidal fuzzy random variables have
same o - cut value which are in the arithmetic operations.
The organization of this paper is as follows. Section 2 is
gives the basic definitions which are useful to build the
symmetric trapezoidal fuzzy random variable with mean p
and standard deviation o respectively. In section 3, shows
the relationship between symmetric triangular and
symmetric trapezoidal fuzzy random variable and that we
adopt our new definitions of symmetric trapezoidal fuzzy
random variable. In section 4, we derive the membership
functions of the arithmetic operations between the two
symmetric trapezoidal fuzzy random variables. In section
5, we verify the membership function of the arithmetic
operations of two symmetric trapezoidal fuzzy random
variables through some numerical examples.

2. PRELIMINARIES

In this paper, we introduce a new concepts symmetric
trapezoidal fuzzy random variable with mean p and
standard deviation . Under our approach, the co-ordinate
points of continuous symmetric trapezoidal fuzzy random
variable X (u— o, p— g TR g 1+ o) are determined by

its parameters mean p and standard deviation o
respectively. The membership function of X can be
written as

P {(X;+(1 —g)o —w>ovxy —-Q —%)0 —un)<0}.
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Whole of this paper, we consider X ~STPFRV (u,, 6;)
and Y~ STPFRV (u,, 5,) with conditions (s < X < t) and
(U<LY<V). Here,s=pwy—o, t=w—oy U=y +crand v
= u, + o, The following definitions are used in
succeeding sections.

2.1. Definition

A fuzzy set A is defined as
A={X p,X:xeA n K e[01]}

2.2. Definition

The support of fuzzy set A is the set of all points x in X
such that pa(x) > 0. (i.e.,) support (A) = {X/ , (x)>0}.

2.3. Definition

The a-cut of a-level set of fuzzy set A is a set
consisting of those elements of the universe X whose
membership values exceed the threshold level a.

(i.e) A, ={X/ uA(X) > o}
2.4. Definition

A fuzzy set A on R must possess at least the following
three properties to qualify as a fuzzy number.

o A must be a normal fuzzy set.

e A, must be closed interval for every a.e [0, 1].

e The support of A, ®*A must be bounded.
Among the various shapes of fuzzy number, trapezoidal
fuzzy number is the most popular one.

2.5. Definition

The symmetric trapezoidal fuzzy number is a fuzzy
number represented with 4 — tuples A = (a;, a,, a3, a4).
This representation is interpreted as membership function
and holds the following conditions.

e a, to a, is increasing function

e as to a4 IS decreasing function
a2+a3

s~ is mean (middle or symmetric point)
0 , for X <a

X—a;
, fora;<X<a,

a —a
p (X)) = 1 , foray<X<a,

as —X
ay - a3 ' foraz;<X<a,

k 0 , fora, >X
Now, the a-cut of the symmetric trapezoidal fuzzy
number [X%, XU]is
(X — (@ —a)a—a) >0, (Xg +(a-a)a—a;)<0
Applying the values of
A (a19 a, az, 3.4) =A (“1_Gla }"’1_671’ “1+0713 H1+01)
We get Xi—(a, —a,)o—a, = (XaL-i-(l - g)o— w=>0
Xy + (a5 —a3)a—a3 =(Xg -(1-J)o—p) <0

Therefore, the a - cut of the symmetric trapezoidal fuzzy
random variable is

PAXEHI =)o =020V (XY = (1 = 3)0 — ) <0}

3. SYMMETRIC TRAPEZOIDAL FUZZY
RANDOM VARIABLE

3.1 Relationship Between Symmetric Triangular And
Symmetric Trapezoidal Fuzzy Random Variable

3.1. Theorem

If X be a symmetric triangular fuzzy random variable with
mean p, and standard deviation o, respectively and
a=0.5, then X ~ STPFRV (i, 5,).

Proof:

The membership function of symmetric triangular fuzzy
random variable X is
P {(X,H(1 - a)o;-p,) =0V (XY -(1-a)o; —p,) <0} and
placed a=0.5, then the symmetric triangular shape
become the symmetric trapezoidal shape with the same
support, mean p, and standard deviation o, respectively.
So that the membership function of symmetric trapezoidal
fuzzy random variable is obtained by put u=g in the
membership function of symmetric triangular fuzzy
random variable, we get

L Q U a
P{(XH(1 = 5)01 = 1 20V(X] = (1 =)oy — ) )<0}
Which is the required symmetric trapezoidal fuzzy

random variable with mean p, and standard deviation c,
respectively.

Note:

If 0<a<0.5and 0.5<a<1, in the membership
function of symmetric triangular fuzzy random variable,
then we can also get the trapezoidal fuzzy random
variable, but not symmetric.

3.2. Membership Function Of Symmetric Trapezoidal
Fuzzy Random Variable

A fuzzy number A = (a, b, ¢, d; o) is said to be a
symmetric trapezoidal fuzzy number and its membership

function is
(59 e
pA(x)—l 1 , b<x<c
[
d-o0 ° 7

First, we derive the membership function of the lower o —
cut of the symmetric trapezoidal fuzzy random variable is
as follows: Applying the values of A

A(a,b,C,d)zA(H*QH*g»H"';‘5,}’-"'0)
(x—-a) (x—p+o)
(b-2a) (u—Z-pn+o)
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Xg+(1=9H—w=0
Therefore, P{(Xt +(1 =350 —w=0}
Which is the required lower a — cut of the symmetric
trapezoidal fuzzy random variable.

Next, the membership function of the upper o — cut of the
symmetric trapezoidal fuzzy random variable X is derived
as follows: Applying the values of A

A(a,b’c’d):A(u—G’H—§’H+§’H+G)
d-X)  (u+o —x)
= 02(1
d-0) (uto-—p-3)
Xy =(1=3)0—w<0
a
Therefore, P{(X;J -(1- E)G —w) <0}

Which is the required upper a — cut of the symmetric
trapezoidal fuzzy random variable.

Hence, the membership function of the symmetric
trapezoidal fuzzy random variable X is

P X+ (1=5)0 = 1) 20v(XY = (1 = )0 — ) <0}

4. ARITHMETIC OPERATIONS OF
SYMMETRIC TRAPEZOIDAL FUZZY
RANDOM VARIABLES

In this section, we consider X~ STPFRV (u,, o)),
Y~ STPFRV (y,, 6,) and its membership function is
o 03
PUXH(1 = 5)01- 1) 20V (XY (1= )01 -1,) <0}
P{(Y, (1 = )02 1) 20V (Vg = (1-3)02 =, < O}

4.1. Addition Of Symmetric Trapezoidal Fuzzy Random
Variables

4.1 Theorem
Let X~ STPFRV (u,, ;) and ¥~ STPFRV (u,, 5,), then
find the membership function of

((X+Y)) ~ STPFRV (u,+u,, 0, +0,).
Proof:

Mean (X)=u, and Mean (Y) =p,, then Mean (X +
Y) = u, +u,. According to J. Vahidi and S.Rezvani [7],
the co — ordinate point of (X+Y) is

(o1 +02)
((M1+M2)' (01+02), (1 HHy) -,

, its membership function p, (X +Y) =

2

0 , for (X+Y) < (y, +1,) - (01 +62)
(XHV) - () 1) + (01 +02)

&9
2 2

for (u, + 1y - (o1 T o) S X +Y)<(n +py)- (%+%)

1 L for () - (242) s (X V)<, )+ (24Z)
(1) + 1) + (o1+0)) - (X + V)Y S
WT . for(u, +p,)- (7‘+7) S(XHY) S (1, + )+ (0170
0 ) fbr(X+Y)Z(H1 +H2)+(GI+GZ)

We obtain the lower and upper o- cut of symmetric
trapezoidal fuzzy random variable (X+Y) is given below:

(01 +02) e
B, (R, )+, (u1++{2)+(01@6ﬁ) .

Derivation of lower limit
XYL - (1) + 1) + (o1 + 02)

%) )
X+Y), - (1 )= (01 t0)G— 1)
X+ - () + (1-5) (01 +62)) 20
P{X+Y); - (1 +1,) + (01 +0) (1 =2) 2 0}
Derivation of upper limit
(1 )+ (orton) - X+ V), o

%) -
(1) - (X+Y)) 2 (014 0) G~ 1)
((XH+Y), - (1) - (01+0) (1 = 2)) <0

o
PUXHY), - (1, 11,) - (01 + 02)(1-5 ) < 0}
Hence, the membership function of sum of the symmetric
quadratic triangular fuzzy random variable is given by

PUCH YL - (1, + 1)+ (o + o) (1-5))20

V(Y- (i) - rto)(13 D 0L (@D
The result is also a symmetric trapezoidal fuzzy random
variables (X+Y) with mean (pn, +p,) and standard
deviation (o; + o,) respectively.

=a

4.2. Subtraction Of Symmetric Trapezoidal Fuzzy
Random Variables

4.2. Theorem

Let X ~ STPFRV (u,, ;) and Y ~ STPFRV (u,, ), then
find the membership function of

((X-Y)) ~ STPFRV (p,- 1,, 6,+0,).
Proof:

Mean (X)=p, and Mean (Y) =p,, then Mean (X —
Y)=w, — n,. According to J. Vahidi and S.Rezvani [7],
the co — ordinate point of (X-Y) is

(o1 +02)
((l"ll - Hz) - (Gl +02)s (l‘ll - Hz) -2 262 » By = Hy, (“1 -
) + s ;02), (1, — 1)+ (o +02)), its membership

function p, (X — Y) =

for (X = Y)<(p, — ,) - (61 + 63)

0
[(X V)i =y~ w)Ho + o)
e
1 Sor (1, = 1) (F4F) <X == -+ (3+F)
(1, 1) + (o1%0) - (X = V)

for (1, = 1) - (01 + o) < (X = V=@, — ) - (3+2)

, for (ny, —p,) - (%+%) SX=-Y)<(w, — 1)+ (01+03)

, for (X=Y)2 (1, = 1) + (0 +62)

We obtain the lower and upper a- cut of symmetric
trapezoidal fuzzy random variable (X-Y) is given below:
Derivation of lower limit

(XY, - (41,01 + 02)
G],0) Za
L(T?)
(X-Y), - (1,71,) = (01 +05)(5-1)
L o
(XY, - (y71) + (1-5 ) (o1 +620) 20
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PUCX-Y), - (1, 71y) + (01 +02)(1-2 ) 2 0} (1, + 0D, = 02) = (XY), "
Derivation of upper limit (1, T o)1, —0y) — (Hﬁ%)(uﬁ%) =
_ Cx_yU
i e (B, Fon)(l, +02) = (X))

5-3) B 3
202 (@4_ @+_6162)

U [
(ul'uz)'(X'Y)a z (Gl + 62)(5'1) v (a )2 Ea )4 (3(1 )
XY), + ——1)+ ——1)+ ——1)=pnp)<0
(()(—Y)tJ - (MI_MZ) - (61 + 62)(1-g )) <0 1,62 > 1,0 > G0, 2 By

PUXY)Y + 05 (2= 1)+ 1,0, (E= 1) + 010, (2 -
PUX-Y), - (1)) - (o1 + 02)(1—g ) <0} K% (2 ) H,01 (2 ) 010, (4

: : : 1) ~ Ik, =03
Hence, the membership function of sum of the symmetric Which is the required upper o- cut of the svmmetric
quadratic triangular fuzzy random variable is given by g Pper o Y

L a trapezoidal fuzzy random variable.
P{X-Y), + (1 - 5) (01 +062) = (1, —1y)) =0 Therefore, the membership function of multiplication of
o
V(X -Y)p-(1-3) (Grte) — (1) <0 (42)

two symmetric trapezoidal fuzzy random variable (X-Y) is
The result is also a symmetric trapezoidal fuzzy random

variables (X -Y) with mean (p, -p,) and standard
deviation (o; + o,) respectively.

PUCY)E - woa (5 -1) - o (5 1) - 010 (1 34—“) )=

VXY, 0 (5 1) + o1 (5 1) oo (5 1) -y <03
The result of multiplication of two symmetric trapezoidal

fuzzy random variable is also a trapezoidal fuzzy random

variable, but it is not symmetric.

4.3. Multiplication Of Symmetric Trapezoidal Fuzzy
Random Variables

4.3. Theorem

Let X~ STPFRV (,, 61) and ¥~ STPFRV (i,, 5,), then 4.4. Division Of Symmetric Trapezoidal Fuzzy Random
derive the membership function of Variables

((XY)) ~ TPFRV (u,n,), but not symmetric. 4.4. Theorem

Proof: Let X ~ STPFRV (u,, 6;) and Y ~ STPFRV (u,, ), then

obtain the membership function of ((X/¥)) ~ TPFRV (y,/

Mean (X)=p, and Mean (Y) =p,, then Mean u,), but not symmetric.

(X+Y) =, n,. According to Vahidi. J, Rezvani. S [7], the
coordinate points of multiplication of two symmetrical Proof:
trapezoidal fuzzy random variables is
Gy G G Gr - - =
(1= 000,02, (=2 0,= 5. Gy ), (1, ), 5, (o), Mean (X) =y, and Mean (¥) =y, then Mean (X/Y) =y, /
u,. According to Vahidi. J, Rezvani. S [7], the coordinate

+62)’)’ points of division of two symmetric trapezoidal fuzzy
its membership function is random variables is
0 for 0= (X-Y) < (1) —0))(1, +02) 1 =o] H1—°—1 n H1+6—1 TR
(XY)=(, =011, + 02) _ : oy o X/Y) = (—1 -z 41 1z 1 ), and its
D2 oty o * 0T (T Oy T o) SV Gy =5, = 5) @ wtor it 2 -2 -0
p, (XY)= 1 for (1, = ), = D)XV <y + )iy + D) membership function is

1+ ), 52)=(XY)
() +01)(1y +02)~(y + )k, + P)
0,

for (u + ), + 3)SXY)< (1) +01)(1, +02)
for (X-Y) = (1, + 1)(k, +0)

First, we obtain the lower o - cut of symmetric trapezoidal
fuzzy random variable (X*Y) is given below:
(XY); = (1, = o), — ) .
(=), =) = (1, — o)1y, —01)
On simplification, we get
L 3
(XY),- w02 (g-l) 1,01 (g-l) — 0,0, (1-7“) )20

PV 1,0 (1) 01 (1) - 010 (1 =20 ) 1) 20)
Which is the required lower o — cut of the multiplication
of symmetric trapezoidal fuzzy random variable.
Secondly, we derive the upper a- cut of symmetric
trapezoidal fuzzy random variable (X-Y).

=0
0 s for 0< (X/Y) <
W, +o
o/ - (252) W =0 -2
byt oy > for —— " <(X/Y) < %
( Hu’%)_(mwx) H 702 Lty
wmt+2 1, +0,
1 for = <(X/Y) < =)
_ ’ mt Y
nx/Y) =
o1
mts B o
p]+cl) fi 2 (X <5
—(X/Y or < <
(2)-(=)
[ -2
K, +o;
0 for (X/Y)> ——
, W, — o

First, we derive the lower a —cut of symmetric
trapezoidal fuzzy random variables (X/Y) is as follows
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X/ -

Ky + o2

>0
(ul—cz—l)(uz +0p) =0y +2)
(1t + )iy + 02)
On simplification we get,
(1,02 (0 + 1) + 1,0, (0= 2) + 2, — 610)

X/1)2 @n, + o), + 02)
P{((X/Y)}
_ (op(at 1)+ o (0 —2)+2u1, —6,0,) ~0)

(2“2 + c52)(“2 + 62)
Which is the required lower a- cut of the symmetric
trapezoidal fuzzy random variables.

Secondly, we obtain the upper a —cut of symmetric
trapezoidal fuzzy random variables (X/Y) is as follows

LT (XY)

Hp-02 >0
(uz—z—z)(ul +01)=(—o2)y + 3
L)

On simplification, we get
(1,02(a+ 1) +p,0,(a—2) = 2p 1, +6,6,)

(2H2 - 02)(H2 —03)
(102(a+ 1) +pyo (e —2) = 2 p, +06,0,) <0

(2}12 - GZ)(HZ - C$2) B
Which is the required upper a- cut of the symmetric
trapezoidal fuzzy random variables.

X/Y) < -

Therefore, the membership function of division of two
symmetric trapezoidal fuzzy random variables (X/Y) is
P{(X/Y),

_ (1,02t 1) +p,0(a—2) +2u ) — 6,6,) -

(2H2 + GZ)(Hz + 02) a
Vv ((X/Y)U 4 (“102((" + 1) + p’zcl (0"2)'2H1HZ + 0102) < O}
¢ (2H2'02)(H2'02)
4.4

The result of division of two symmetric trapezoidal fuzzy
random variable is trapezoidal fuzzy random variable, but
it is not symmetric.

5. NUMERICAL EXAMPLES

5.1. Example

The following table shows that the arithmetic operations
between symmetric trapezoidal fuzzy random variables
by using various values of its parameters.

Mean,

=9 u=l Standard

Operations Co - ordinate

Oy

. / Equation XExY) | (X5xY) | point deviation
2| 02

Addition / W, tp, =9,
7,11 8, 10 7,8,10, 11 1° 72
@.1) (7. 11) (810 | ( ) o1+ 0y =2

Subtractio (-0.5,2.5) (0.25, (-0.5, 0.25, B =1,
n/ (4.2 1.75) 1.75, 2.5) o, +to,=15

Multiplicat Bopy =12

ion/ (4.3) (2, 30) Asymmetric

(6, 20) (2, 6,20, 30)

. M 3

Division / 15 11 5 a_Z

5|2 wy | (73) (5:513) b S
Asymmetric

(1)

[1]
[2]

3]

[4]

[5]

[6]

[7]

8]
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